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The verification of quantum entanglement under the influence of realistic noise and decoherence
is crucial for the development of quantum technologies. Unfortunately, a full entanglement charac-
terization is generally not possible with most entanglement criteria such as entanglement witnesses
or the partial transposition criterion. In particular, so called bound entanglement cannot be cer-
tified via the partial transposition criterion. Here we present the full entanglement verification of
dephased qubit and qutrit Werner states via entanglement quasiprobabilities. Remarkably, we are
able to reveal bound entanglement for noisy-mixed states in the qutrit case. This example demon-
strates the strength of the entanglement quasiprobabilities for verifying the full entanglement of
quantum states suffering from noise.
I. INTRODUCTION
Quantum entanglement is an important resource for
quantum information [1]. However this resource will be
affected by the environment in real applications. In par-
ticular noise has a negative influence on such quantum
systems [2, 3]. Thus some questions arise regarding the
usefulness of an entangled state for quantum tasks after
such interactions and the resistance of entanglement in
the presence of noise.
Various entanglement criteria and strategies for entan-
glement verification have been developed [4]. However,
most entanglement criteria have the disadvantage that
they do not provide a necessary and sufficient condition
for entanglement. In other words, they only certify en-
tanglement if the specific condition is violated, while the
non-violation does not allow a conclusion concerning sep-
arability. Among such conditions are the so called en-
tanglement witnesses [5]. Entanglement witnesses certify
entanglement if the expectation value of the witness op-
erator is negative. Therefore, the outcome of the entan-
glement test depends on the considered quantum state
and the choice of the specific witness operator. Note
that the construction and optimization of witnesses is an
important and ongoing task, see, e.g., [6–8].
Another well established and widely used entangle-
ment criterion is the partial transposition criterion [9].
The partial transpose of a separable state is positive, and
thus a negative partial transposition (NPT) reveals en-
tanglement. The positivity of the partial transposition
is necessary and sufficient for separability in systems of
dimensions 2⊗2, 2⊗3, and Gaussian bipartite states [10]
only, whereas for systems of dimensionality of 3⊗ 3 and
higher it is only a necessary one [5]. Consequently, there
exist entangled states which exhibit a positive partial
transposition. Such states are also referred to as bound
entangled states [11] and they are intensively studied in
the context of entanglement distillation, see, e.g., [12–
14]. Entanglement of states with positive partial trans-
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position, however, may be certified via other conditions
such as the realignment criterion [15] or via entanglement
witnesses [16].
One way of doubtlessly identifying all entanglement
of a quantum state can be achieved via the concept
of entanglement quasiprobabilities [17]. The entangle-
ment quasiprobability representation is an expansion of
the quantum state in a separable-state-diagonal form
which unambiguously certifies separability by its non-
negativity. Accordingly, we certify entanglement via neg-
ativities in the entanglement quasiprobability distribu-
tion. We would like to emphasize the conceptual similar-
ity between the entanglement quasiprobabilities and the
Glauber-Sudarshan P representation [18, 19] for nonclas-
sicality. Note that entanglement quasiprobabilities have
been applied to two-mode squeezed-vacuum states [20]
and generalized N00N states [21].
As an example state for our studies we consider the
family of Werner states [22]. These are a set of one pa-
rameter states which are invariant under local unitary
transformations. Werner states are of particular impor-
tance due to the fact that any NPT state can be mapped
onto an NPT Werner state with local operations and
classical communication [23]. Since they cover separa-
ble, mixed, and pure entangled states, the Werner states
have been studied for experimental entanglement detec-
tion [24]. Werner states can also be used for quantum
tasks like entanglement teleportation [25]. They have
also been analyzed with respect to the loss of entangle-
ment under dimensional reduction [26]. In order to gen-
erate such states parametric down conversion [27, 28] or
a collective decay of atoms [29] can be used. Note that
we also studied entanglement quasiprobabilities of noisy
N00N states in Ref. [21]. In the present case, however,
we directly demonstrate the verification of bound entan-
glement by entanglement quasiprobabilities. This serves
as a proof of principle and demonstrates the power of this
method.
In this paper, we investigate the verification of entan-
glement of dephased Werner states. Therefore, we cal-
culate the Werner states undergoing a dephasing chan-
nel. Firstly, we apply the NPT criterion to the dephased
Werner states which serves as the reference for bound
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2entanglement. Secondly, we formulate the separability
eigenvalue problem for the dephased Werner states and
give solutions for these coupled eigenvalue equations for
the qubit and qutrit case. Furthermore, we calculate
optimal entanglement quasiprobabilities based on these
solutions. The results for the partial transposition cri-
terion and the negativities of the obtained entanglement
quasiprobability distributions are compared. In particu-
lar, we identify parameter regions of bound entanglement
for the qutrit Werner states.
The paper is organized as follows. In Sec. II we con-
sider the general dephased qudit Werner states and inves-
tigate their entanglement with the partial transposition
criterion for the qubit and qutrit case. The verification
of entanglement with entanglement quasiprobabilities for
the qubit and qutrit Werner states with general dephas-
ing and especially Gaussian dephasing will be demon-
strated in Sec. III. We summarize and conclude in Sec.
IV.
II. WERNER STATES IN DEPHASING
ENVIRONMENTS
In this section we firstly consider the qudit Werner
state [22]. Secondly, we calculate the dephased qudit
Werner states for a general single-mode dephasing chan-
nel. Finally, we apply the partial transposition criterion
to certify the entanglement of the dephased qubit and
qutrit Werner states.
A. Werner states
The family of Werner states, introduced in Ref [22],
includes separable, mixed entangled and pure entangled
states. In this paper we use the following representation
of the qudit Werner states:
ρˆW = N (α)
(
1ˆ− αSˆ
)
(1)
with α ∈ [−1, 1], the swap operator Sˆ,
Sˆ =
∑
i,j
|i, j〉 〈j, i| , (2)
and the normalization factor N (α) = (d2 − αd)−1 with
the dimension d. As mentioned before, Werner states are
invariant under local unitary transformations
ρˆW = (Uˆ ⊗ Uˆ)ρˆW (Uˆ ⊗ Uˆ)†, (3)
which can be verified for the state given in Eq. (1). Due
to their construction, the Werner states are entangled if
[22]
α >
1
d
. (4)
As we are only interested in the entanglement property
of the Werner states, we will only consider states with
α > 0 in the following calculations.
B. Dephased Werner states
A two-mode dephasing channel can be described via
the transformation
ρˆ 7→ Λdeph(ρˆ) =
∫ 2pi
0
dϕa
∫ 2pi
0
dϕb p(ϕa, ϕb) (5)
× [eiϕanˆ ⊗ eiϕbnˆ]ρˆ[e−iϕanˆ ⊗ e−iϕbnˆ],
with the phase distribution p(ϕa, ϕb) and nˆ is the pho-
ton number operator in the corresponding mode. Note
that p(ϕa, ϕb) has the properties of a classical probabil-
ity distribution and Eq. (5) describes a trace-preserving
quantum channel. Applying Eq. (5) to the Werner states
yields the dephased Werner states ρˆW,deph,
ρˆW,deph = N (α)
(
1ˆ− α
∑
m,n
λmn |m,n〉 〈n,m|
)
, (6)
with
λm,n =
∫ 2pi
0
dϕa
∫ 2pi
0
dϕb p(ϕa, ϕb)e
i(ϕa−ϕb)(m−n). (7)
From the Hermiticity follows that λmn=λ
∗
nm. Further-
more, the dephasing yields a reduction of the off-diagonal
elements λmn (m 6= n), while the diagonal elements are
preserved, λmm = 1. Note, however, that the Werner
states and the dephased Werner states have the same
algebraic structure [see, Eqs. (6) and (1)].
We may, specifically, consider the case of Gaussian de-
phasing in the second mode (see also Refs. [20, 21, 30]).
In this case, the phase distribution reads as p(ϕa, ϕb) =
δA(ϕa)pB(ϕb), where δA denotes the Dirac-delta distri-
bution and the phase distribution pB(ϕb) can be de-
scribed by a wrapped Gaussian phase distribution,
pB(ϕb) =
∑
k∈Z
1√
2piδ2
exp
[
− (ϕb + 2kpi)
2
2δ2
]
, (8)
where δ is the width of the initial Gaussian distribution.
For this specific distribution we obtain the coefficients
λmn = e
−δ2(m−n)2/2. (9)
Note that in the case of δ →∞ the Gaussian distribution
becomes a uniform distribution which leads to the loss of
the offdiagonal terms, λmn = 0 for m 6= n.
So far we obtained the qudit Werner states undergoing
dephasing. For the specific case of Gaussian dephasing
we calculated the dephasing coefficients. In the following,
we focus on the entanglement of qubit and qutrit Werner
states under such dephasing conditions.
C. Partial transposition of dephased Werner states
Let us now study the entanglement of dephased qubit
and qutrit Werner states with the partial transposition
3criterion [9]. The partial transposition in mode B for a
bipartite state ρˆ =
∑
ijkl pijkl|i〉〈j| ⊗ |k〉〈l| reads as
ρˆTB =
∑
ijkl
pijkl|i〉〈j| ⊗ |l〉〈k|. (10)
The partial transposition of any separable state has pos-
itive eigenvalues. Thus positivity of this map is a nec-
essary condition for separability. For 2 × 2 and 2 × 3
systems the positivity is also a sufficient criterion [5].
Applying the partial transposition on mode B of the
general dephased Werner states in Eq. (6) results in
ρˆTBW,deph = N (α)
(
1ˆ− α
∑
m,n
λmn |m,m〉 〈n, n|
)
. (11)
The resulting partially transposed density matrix ρˆTBW,deph
is negative if we find that it has at least one negative
eigenvalue. Therefore, we calculate its eigenvalues for
the qubit (d = 2) and qutrit (d = 3) case. In the qubit
case this yields
N (α) (1, 1, 1− α+ α|λ01|, 1− α− α|λ01|) . (12)
In the qutrit case we get
N (α)
(
1, 1, 1, 1, 1, 1, 1− α+ α|λ02|,
1
2
(
2− 2α− α|λ02| − α
√
8|λ01|2 + |λ02|2
)
,
1
2
(
2− 2α− α|λ02|+ α
√
8|λ01|2 + |λ02|2
))
.
(13)
In order to verify entanglement by the NPT criterion we
need to consider for which conditions negative eigenval-
ues can be found. Note that this depends on the dephas-
ing properties given by the coefficients λmn [see Eq. (7)]
and the state parameter α. From Eq. (12) we find that
the qubit state has a negative partial transposition if
αPTd=2 =
1
1 + |λ01| . (14)
Here, the superscript PT indicates that the bound is ob-
tained via the PT criterion. For the case of Gaussian
dephasing [cf. Eqs. (8) and (9)] Eq. (14) reads as
αPTd=2 =
1
1 + e−δ2/2
. (15)
Similarly, we obtain the condition for the NPT of the
qutrit state from Eq. (13):
αPTd=3 =
2
2 + |λ02|+
√
8|λ01|2 + |λ02|2
. (16)
Again for Gaussian dephasing we obtain the specific con-
dition
αPTd=3 =
2
2 + e−2δ2 +
√
8e−δ2 + e−4δ2
. (17)
If α exceeds the corresponding lower limit the state ex-
hibits NPT entanglement. Since we considered general
dephasing any phase distribution of interest can be used
to calculate the dephasing coefficients.
To this end, let us stress that all entangled Werner
states show NPT entanglement [23]. Therefore, the NPT
condition is a necessary and sufficient entanglement con-
dition for Werner states. However, this is not the case for
dephased Werner states as they are a mixture of Werner
states [see Eq. (5)].
III. VERIFYING ENTANGLEMENT WITH
ENTANGLEMENT QUASIPROBABILITIES
In this section we derive the entanglement quasiproba-
bilities for the dephased Werner state. Negativities in the
entanglement quasiprobabilities are a necessary and suffi-
cient condition for entanglement of the considered state.
In order to obtain the entanglement quasiprobabilities
of the family of dephased Werner states, we will solve
the underlying separability eigenvalue problem. With
the solutions of the separability eigenvalue problem we
calculate the entanglement quasiprobability distributions
for the qubit and qutrit case with general and especially
Gaussian dephasing. Finally, we compare the entan-
glement verification by entanglement quasiprobabilities
with that by partial transposition.
A. The separability eigenvalue problem and
entanglement quasiprobabilities
For a given bipartite Hermitian operator Lˆ the SEP
can be given as [7, 31]
Lˆ |a, b〉 = g |a, b〉+ |χ〉 (18)
with the separability eigenvalue g, the corresponding sep-
arability eigenvector |a, b〉, and a biorthogonal perturba-
tion |χ〉 ∼ |a⊥, b⊥〉 with 〈a|a⊥〉 = 〈b|b⊥〉 = 0. The SEP
in the form of Eq. (18) has the form of a disturbed eigen-
value problem. Note that the SEP can also be formulated
as a coupled system of eigenvalue equations (see [7, 31]).
Solving Eq. (18) gives a set of eigenvalues and -vectors
{gi, |ai, bi〉}i. (19)
The maximal separability eigenvalue gmax allows one to
construct an optimal entanglement witness Wˆ = gmax1ˆ−
Lˆ (see [7]). Note that this method has been extended
to multipartite scenarios [31] and has been successfully
applied to experimental data [32–34].
We will now briefly show how the solutions of Eq.
(18) can be used in order to obtain the entanglement
quasiprobabilities of a bipartite quantum state [17]. Neg-
ativities in the entanglement quasiprobabilities then un-
ambiguously reveal the entangled character of the state,
while separable states exhibit nonnegative entanglement
4quasiprobabilities. For the derivation and a detailed
analysis of the concept of entanglement quasiprobabili-
ties we refer to Ref. [17].
Let us now consider the bipartite quantum state ρˆ and
the solutions to its SEP (Lˆ = ρˆ) given by Eq. (19).
With the separability eigenvectors one can calculate the
matrix G = (| 〈ai, bi|aj , bj〉 |2)ij . Together with the vec-
tor of separability eigenvalues ~g = (gi)i one obtains the
following equation
G~p = ~g (20)
where ~p has the form of an entanglement quasiproba-
bility distribution. However the solution ~p of Eq. (20)
may be ambiguous, due to the zero eigenvalues of G, and
therefore, it has to be optimized. For this step one needs
the kernel of G to calculate an optimized entanglement
quasiprobability distribution PEnt (see [17]),
PEnt ∼= (PEnt(al, bl))l = ~p−
∑
k
~pT0k~p
~pT0k~p0k
~p0k (21)
with ker(G) = {~p0k}k. Finally, one has an optimal en-
tanglement quasiprobability distribution the negativities
of which are a necessary and sufficient signature of its
entanglement. In the following sections we apply the
method of entanglement quasiprobabilities to the general
dephased Werner states.
B. SEP of dephased Werner states
After introducing the concepts, we will now solve the
SEP for the family of dephased Werner states which
eventually allows us to construct their entanglement
quasiprobabilities. For detailed information about the
solutions and the choice of separability eigenvectors, we
refer to the Appendix A. Formulating the SEP (18) for
the general dephased Werner states of the form Eq. (6)
yields
ρˆW,deph |a, b〉 = N (α)
|a, b〉 − α∑
i,j
λij |i, j〉 〈j, i|a, b〉
 .
(22)
For simplicity we set λij ∈ R. In this way, we obtain
immediately the trivial separability eigenvectors and the
corresponding separability eigenvalues
|a, b〉 = |i, j〉 and gij = N (α) (1− δijα) , (23)
respectively. A meaningful choice for the nontrivial sepa-
rability eigenvectors is |sljk, sljk〉, |sljk, sl+2jk 〉, |sljk,m〉, and
|m, sljk〉 with m 6= j, k and
|sljk〉 =
1√
2
(|j〉+ il |k〉). (24)
Note that vectors given by Eq. (24) are eigenvectors of
the generalized Gell-Mann matrices and span together
with the vectors |i〉 for i = 0, ..., d− 1 the hyperplane of
quantum states of the Hilbert space H = Cd. Then, the
separability eigenvectors have the following separability
eigenvalues
|sljk, sljk〉 : g‖jk = N (α)
(
1− α
2
(1 + |λjk|)
)
,
|sljk, sl+2jk 〉 : g⊥jk = N (α)
(
1− α
2
(1− |λjk|)
)
,
|sljk,m〉 , |m, sljk〉 : gjkm = N (α).
(25)
The dephasing actually leads to slightly less degenerated
separability eigenvectors compared to the Werner states
without dephasing. These solutions can also be applied
for any dimension d, but for d > 3 additional separa-
bility eigenvectors may be necessary to calculate the en-
tanglement quasiprobability distribution. In order to ob-
tain the entanglement quasiprobability distribution for
dephased Werner states with d > 3, one can follow the
procedure presented in this paper. The solutions of the
SEP of the Werner states for arbitrary d values without
dephasing are based on the eigenvectors of the general-
ized Gell-Mann matrices. On this basis we calculate the
corresponding separability eigenvalues of the dephased
Werner states by inserting these separability eigenvectors
into the SEP. Further information concerning the choice
of separability eigenvectors in the qubit and qutrit case
are given in the Appendix A, which can be generalized
to d > 3 in a straightforward manner.
C. Entanglement quasiprobabilities for dephased
Werner states
In this subsection we explicitly calculate the entangle-
ment quasiprobabilities of the qubit and qutrit dephased
Werner states. Especially in the case of a Gaussian phase
distribution, we compare the entanglement verified via
NPT and negativities in the entanglement quasiproba-
bilities.
In order to obtain the entanglement quasiprobabili-
ties we use the separability eigenvectors and separabil-
ity eigenvalues in Eq. (25), which allows us to formu-
late the linear system of Eqs. (20). Solving this set of
equations and optimizing ~p according to Eq. (21) leads
to the following optimized entanglement quasiprobability
distribution for the dephased qubit Werner state
PEnt ∼=
(
p01, p01, p
‖
01, p
‖
01, p
‖
01, p
‖
01, p
⊥
01, p
⊥
01, p
⊥
01, p
⊥
01
)
(26)
with the entries
p01 = N (α)α,
p
‖
01 =
N (α)
2
[1− α (1 + |λ01|)] ,
p⊥01 =
N (α)
2
[1− α (1− |λ01|)] .
(27)
5|0〉|1〉|s0〉|s1〉|s2〉|s3〉
|0〉 |1〉 |s0〉|s1〉|s2〉|s3〉
0
0.2
PEnt
FIG. 1. The entanglement quasiprobability distribution for
the qubit Werner state for α = 0.8, without dephasing. Each
bar represents the value of the entanglement quasiprobability
distribution PEnt(a, b) for the vector |a, b〉. The negativities
indicate the entanglement of the given state.
Here, the corresponding separability eigenvectors for en-
tries without superscript refer to the trivial separability
eigenvectors in Eq. (23), and the superscripts ‖ and ⊥
refer to the separability eigenvectors in Eqs. (25). In
Fig. 1 the representation of the qubit Werner state with
product states and an entanglement quasiprobability dis-
tribution is shown for α = 0.8 and no dephasing. The
smallest value of the entanglement quasiprobability dis-
tribution in the qubit case is p
‖
01 which is negative for
αQPd=2 =
1
1 + |λ01| . (28)
Here, the superscript QP indicates that the correspond-
ing bound was obtained via the negativity of the en-
tanglement quasiprobability distribution. This result is
identical with the condition for the negativity of the par-
tial transposition [cf. Eq. (15)]. As we consider the qubit
case (2⊗ 2), all entanglement is NPT entanglement and
it is not surprising that both methods yield the same
result. The comparison also functions as a consistency
check which shows that the entanglement quasiprobabil-
ities provide correct results.
Let us now consider the qutrit case. From the qubit
example we already see that one only has to find the min-
imal entry in the entanglement quasiprobability distribu-
tion and to show its negativity in order to certify entan-
glement. In the qutrit case the entanglement quasiprob-
ability distribution has the following entries with j 6= k
p
‖
jk =
N (α)
4
[1− α (1 + 2|λjk|)] ,
p⊥jk =
N (α)
4
[1− α (1− 2|λjk|)] ,
pjkm = N (α)1 + α
8
.
(29)
0 0.5 1 1.5 2 2.5 3
0.4
0.6
0.8
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αmin
QP
PT
FIG. 2. Verifying entanglement of qutrit Werner states un-
dergoing Gaussian dephasing. Each curve shows the mini-
mal value αmin in dependence of the dephasing strength δ
so that the corresponding criterion certifies entanglement for
α > αmin. The red solid line refers to the entanglement
quasiprobabilities and the blue dashed line refers to par-
tial transposition. The gray colored area between the solid
and dashed line marks the entangled dephased qutrit Werner
states with positive partial transposition.
In the case of |λ01| ≥ |λ02|, the smallest value is:
p
‖
01 =
N (α)
4
[1− α (1 + 2|λ01|)] . (30)
Note, that the absolute value of the dephasing coefficients
|λjk| depends on the difference j − k. Thus, we obtain
the entanglement condition for the qutrit state
αQPd=3 =
1
1 + 2|λ01| . (31)
Therefore, all dephased Werner states with α ≥ αQPd=3
cannot be given by a convex combination of separable
states, and hence, are entangled. Comparing this result
obtained from the entanglement quasiprobability with
the NPT condition for the qutrit case, cf. Eq. (17), we
find that both approaches deliver different results, i.e.,
αQPd=3 6= αPTd=3. Both results are plotted in Fig. 2 for
a Gaussian phase distribution. In particular, the gray
shaded area in Fig. 2 indicates the parameter region for
which we identify bound entanglement, i.e., where we
have negativities in the entanglement quasiprobabilities
but positive partial transposition.
The set of bound entangled dephased Werner states
with a Gaussian phase distribution is explicitly given by
the parameters α which fulfill
αQPd=3(δ) < α ≤ αPTd=3(δ). (32)
Here, the dependence of the bounds on the dephasing
strength δ is explicitly indicated [cf. also Eqs. (17) and
6(31)]. Let us shortly consider the two limits of the this
set of bound entangled states. In the case of δ = 0 all
entanglement is verified by the partial transposition cri-
terion, and hence, the set of bound entangled states is
empty. For the other extreme, δ →∞, all entanglement
vanishes, which also yields an empty set of bound entan-
gled states. However, for all other cases, 0 < δ < ∞,
the set in Eq. (32) is not empty and there exist bound
entangled states. The α interval is largest for δ = 1.362.
This analysis demonstrates the strength of the entan-
glement quasiprobability method for entanglement veri-
fication when other methods fail. Specifically, we show
that it can uncover bound entanglement in complex
quantum states undergoing dephasing. The verification
of entanglement in such disturbed systems is of great
importance for quantum information applications under
realistic conditions.
IV. CONCLUSION
In summary, we studied entanglement of dephased
Werner states for which we could identify regions of
bound entanglement. First, we derived the analytical
expression of dephased Werner states for general dephas-
ing and Gaussian dephasing, in particular. Second, we
applied the partial transposition entanglement criterion
to this family of noisy states, which allowed us to ob-
tain the parameter regions for entangled states with neg-
ative partial transposition. Next we solved the separabil-
ity eigenvalue problem of the dephased Werner states for
qubit and qutrit states. Based on these solutions, we cal-
culated the entanglement quasiprobability distributions
for the qubit and qutrit case with general and especially
Gaussian dephasing.
By the negativities of the quasiprobabilities we were
able to certify all entanglement of the studied states, as
the negativities are a necessary and sufficient conditions
for entanglement. Comparing the results in the qubit
case, the partial transposition criterion and entanglement
quasiprobabilities yield the same results. This serves as
a consistency proof as the partial transposition criterion
verifies all entanglement in the qubit scenario. For the
qutrit case, we obtained quite different results with re-
gard to the entanglement certification. Especially, we
were able to verify bound entangled states by negative en-
tanglement quasiprobability distributions for states with
positive partial transposition. We derived an explicit pa-
rameter region of the bound entangled states. Our re-
sults indicate the strength of the method of entanglement
quasiprobabilities for the verification of entanglement in
complex and noisy states. Therefore, this method is a
useful tool for verifying entanglement under realistic con-
ditions.
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Appendix A: Solutions of the SEP
Now we explain the derivation of the solutions of the
separability eigenvalue problem of the dephased qubit
and qutrit Werner states. First, let us consider the
Werner states in Eq. (1). We formulate the correspond-
ing separability eigenvalue problem in its second form,
which yields
ρˆW |a, b〉 = N (α)(|a, b〉 − α |b, a〉) = g |a, b〉+ |χ〉 , (A1)
with the bi-orthogonal perturbation |χ〉. By expressing
|b〉 with parallel and orthogonal projections with respect
to |a〉 in the form
|b〉 = x |a〉+
∑
i
xi |a⊥i 〉 , (A2)
and |a〉 analogously with coefficients y and yi, the vector
|b, a〉 can be written as
|b, a〉 = xy |a, b〉+
∑
i,j
xiyj |a⊥i , b⊥j 〉+
x
∑
j
yj |a, b⊥j 〉+ y
∑
i
xi |a⊥i , b〉 .
(A3)
Thus, with Eq. (A1), we have either |b, a〉 = |a, b〉 and
therefore |a〉 = |b〉, or |b, a〉 = |a⊥, b⊥〉 with |b〉 = |a⊥〉.
Therefore, the separability eigenvectors and -values of the
Werner states are
|a, b〉 = |a, a〉 with g = N (α)(1− α), (A4)
|a, b〉 = |a, a⊥〉 with g = N (α). (A5)
In the qubit case, a meaningful choice is
|a, a〉 = |sn01, sn01〉 , (A6)
|a, a⊥〉 = |sn01, sn+201 〉 , |0, 1〉 , |1, 0〉 , (A7)
with n = 0, 1, 2, 3. These separability eigenvectors span
the qubit Werner states. Remember, that the dephas-
ing only leads to a scaling of the off-diagonal elements
while the algebraic structure is invariant. Therefore, we
insert these vectors into the separability eigenvalue prob-
lem of the dephased qubit Werner states. We observe,
that they are also the separability eigenvectors of the
dephased states, if λ01 ∈ R. Hence, we use these sep-
arability eigenvectors for the calculation of an entangle-
ment quasiprobability distribution for the dephased qubit
Werner states as well.
7For the qutrit cases, we use the same procedure. As
a set of separability eigenvectors for the qutrit Werner
states we choose
|a, a〉 = |snjk, snjk〉 , (A8)
|a, a⊥〉 = |snjk, sn+2jk 〉 , |snjk,m〉 , |m, snjk〉 , (A9)
with j, k = 0, 1, 2, j 6= k, n = 0, 1, 2, 3 and m 6= j, k.
These vectors span the qutrit Werner states and they
are also separability eigenvectors of the dephased qutrit
Werner states, if λij ∈ R. Hence we may use them for the
calculation of the optimal entanglement quasiprobability
distribution of the dephased qutrit Werner states.
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